Abstract. We study rigidity properties of lattices in terms of invariant means and commensurating actions (or actions on CAT(0) cube complexes). We notably study Property FM for groups, namely that any action on a discrete set with an invariant mean has a finite orbit.
Introduction
Given a continuous action of a locally compact group G on a discrete set X (continuous means that point stabilizers are open), recall that a subset M ⊂ X is commensurated by the G-action if
where △ denotes the symmetric difference.
Definition 1.1 ( [Cor13] ). G has Property FW if for every discrete set with a continuous G-action and commensurated subset M, ℓ M is bounded, or equivalently there exists a G-invariant subset N commensurate to M in the sense that #(M △ N) < ∞.
We also use the following terminology: Definition 1.2. A locally compact group G has Property FM if for every discrete set X with a continuous action of G with a G-invariant mean on all subsets of X, there exists a finite G-orbit.
Property FM for countable discrete groups appears as the negation of "being in the class (B)" in [GM] .
Property FW has various characterizations, including:
• every continuous cellular action on any CAT(0) cube complex has bounded orbits for the ℓ 1 -metric; • every continuous cellular action on any CAT(0) cube complex has a fixed point; • (if G is compactly generated) for every open subgroup of infinite index of G, the Schreier graph of G/H is 1-ended.
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1
It is important to allow infinite-dimensional cube complexes in the above equivalences.
Property FW can be viewed as a strengthening of Serre's Property FA (every isometric action on a tree has a fixed point on the 1-skeleton) and a weakening of Property FH (every isometric action on a Hilbert space has a fixed point), which is equivalent to Kazhdan's Property T for σ-compact locally compact groups.
The following discussion is motivated by the following conjecture.
Conjecture 1.3. Let S be a semisimple connected Lie group with at least two simple factors and no compact factor. Then every irreducible lattice Γ in S has Property FW.
Property FA for these groups was proved by Margulis.
A similar (and more perilous) conjecture holds for Property FM:
Conjecture 1.4. Let S be a semisimple connected Lie group with at least two simple factors and no compact factor. Then every irreducible lattice in S has Property FM.
Theorem 1.5. If Γ is as in Conjecture 1.3 and X is a Γ-set with a commensurated subset not commensurate to any invariant subset, then X has an invariant mean. In particular, Conjecture 1.4 for Γ implies Conjecture 1.3 for Γ.
Property T implies both Properties FW and FM. It can also be used in a weaker sense: Theorem 1.6. If S has at least one factor with Property T, then it satisfies both conjectures.
The Property FM part of this theorem was independently proved by Bekka and Olivier [BO] .
Thus the hard case is when S has the Haagerup Property, typically SL 2 (R) 2 . Using bounded generation by unipotent elements, some non-cocompact lattices therein, e.g. SL 2 (Z[ √ 2]) are known to have Property FW [Cor13, Example 6 .4] but Property FM is unknown (including the case of SL 2 (Z[ √ 2]), explicitly asked in [GM, 4 .I]), as well as Property FW for cocompact lattices.
Let us also mention that the method of Theorem 1.6 also works in a nonArchimedean setting; for instance for any Q-form G of SO 5 , such that G has R-rank 2 and Q p -rank 1, the group G(Z[1/p]) has Property FM by a more general formulation of Theorem 1.6 (namely Proposition 6.5); however it does not have Property FW and not even Property FA, as it is a dense subgroup of the noncompact group G(Q p ), which has a proper isometric action on a tree.
The idea behind this counterexample is that for irreducible lattices in products with reasonable hypotheses, Property FA or FM of the lattice is known or expected to follow from the same property for the ambient group. For instance, the previous example uses that if S is simple of rank 1 over a non-archimedean local field, then S has Property FM but not FW, while these properties are trivially satisfied by connected groups, which is a heuristic evidence towards the previous conjectures. This also shows the interest in defining this for locally compact groups and not only in the discrete setting; this will be used in the proof of Theorem 1.5.
I do not know any finitely generated group with Property FW but not FM, but this should certainly exist (as well as infinite amenable groups with Property FW, see Question 1.11(2)). Note that on the other hand, there exist uncountable discrete groups with Property FW but not FM (see Remark 5.5).
There are natural weakenings FW' and FM' of Properties FW and FM, obtained by using the same definition but restricting to transitive actions. The question of finding a countable group with Property FW' but not FW (resp. FM' but not FM) is not straightforward; still it is solved in §6.2: Theorem 1.7. The group SL n (Q) for n ≥ 3 has Properties FM' and FW' (but not Properties FM and FW).
The proof of Theorem 1.7 makes use of the embedding of SL n (Q) as a lattice in SL n of the product of the ring of adeles with R, and Property T for SL n (R).
Remark 1.8. It has been obtained by Chatterji, Fernos and Iozzi [CFI] that a group Γ as in Conjecture 1.3 admits no "non-elementary" action on a finitedimensional CAT(0) cube complex. (I put quotation marks because the terminology "non-elementary" is misleading, as for this terminology elementary actions may contain non-elementary actions as subactions or quotient actions, and nonelementary should rather be interpreted as a kind of irreducibility assumption.) Pierre-Emmanuel Caprace indicated me (private communication) how this result can be used to prove that such a group Γ has no unbounded action on any finite-dimensional CAT(0) cube complex. This provides some further evidence for Conjecture 1.3. Remark 1.9. It follows from a result of Napier and Ramachandran [NRa] that if S is a semisimple group of rank ≥ 2 and of Hermitian type (i.e. the associated symmetric space is Hermitian), and Γ is an irreducible lattice in S then every Schreier graph of Γ has at most 2 ends. (Recall that a finitely generated group G has Property FW if and only if every Schreier graph of G has at most 1 end.) Some applications of Properties FM and FW to groups of permutations with bounded displacement are given in §7; a particular case is the following: Theorem 1.10. Let Γ be a finitely generated group with Property FM or FW. Then any action of Γ on Z by permutations of bounded displacement factors through a finite group.
Let us end this introduction by some further questions. Question 1.11.
(1) Consider R. Thompson's groups T and V of the circle and the Cantor set. Do T and V have Property FM? (2) Does there exist an infinite discrete amenable group with Property FW? (3) Does there exist a finitely generated group without Property FM, but for which every infinite Schreier graph has exponential growth? (For a finitely generated group with Property FM, every infinite Schreier graph has exponential growth.) (4) Given a group action on a connected median graph (or equivalently on a CAT(0) cube complex), give a geometric characterization of the nonexistence of an invariant mean on the set of proper halfspaces.
In the case of unbounded actions on trees, (4) has a simple answer: there is no mean if and only if the action if of general type, i.e. has no invariant axis, or point at infinity; this is used by Shalom in [Sha] to prove a superrigidity statement for actions on trees. [Cor13] . We fix p ∈ [1, ∞[. Fix a locally compact group G with a continuous action on a discrete set X and a commensurated subset M ⊂ X.
Contents
Define
It is endowed with a canonical structure of an affine space over ℓ p (X) and the corresponding distance. It only depends on the commensuration class of M. That M is commensurated implies that ℓ p M (X) is invariant under the natural action of G on R X . The action of G on ℓ p M (X) (endowed with the ℓ p -distance) is isometric and continuous; we have
We need some material essentially borrowed from [Cor06, Section 4] . Let H be a group (regardless of any topology on H), and we fix a homomorphism π from H to a Hausdorff topological group Q, with dense image.
Define V Q as the set of subsets of H containing π −1 (V ) for some neighborhood V of 1 in Q.
Definition 2.1. Let H act by isometries on a metric space D. We define
where H x ⊂ H is the stabilizer of x. Note that this does not depend on the discrete H-invariant distance on D.
Lemma 2.3. The subset D Q is closed in D and H-invariant. If moreover D is a normed real vector space and the action of H is linear then D is a closed linear subspace.
Proof. Let x n ∈ D Q converge to x and let us check that x ∈ E. Fix ε > 0. Let us fix n such that d(x n , x) ≤ ε, so by the triangle inequality we get, for all
(Note that the proof extends to the case when the action is by uniformly bilipschitz maps.)
The other assertions are clear. 
On the proof. The statement [Cor06, Theorem 4.7.4] assumes that H, Q are locally compact, but it is not used in the proof (the first line of the proof considers a sequence (Ω n ) of compact subsets of Ω but Ω n being compact is never used). Kazhdan homomorphisms are called resolutions in [Cor06] but this choice of terminology is questionable.
Note that the requirement 1 Q ≺ u Q in particular implies u Q = 0. Actually, if we modify the conclusion 1 Q ≺ u Q into the weaker conclusion u Q = 0, we obtain, at least for σ-compact groups, an equivalent definition, but the proof is not straightforward; see [Cor05, §2.3.8] .
Example 2.7. The identity map of any locally compact group is always Kazhdan. The trivial homomorphism H → 1 is Kazhdan if and only if H has Kazhdan's Property T. More generally, if N is a closed normal subgroup of H, then the quotient homomorphism H → H/N is Kazhdan if and only (H, N) has relative Property T. Besides, if H is Haagerup and H → Q is Kazhdan, then it is the quotient homomorphism by a compact subgroup.
The following theorem, which generalized [Mar, Theorem III.6 .3] and [BL] , provides examples of Kazhdan homomorphisms beyond quotient homomorphisms.
Theorem 2.8 ( [Cor06, Theorem 4.3 .1]). Let G be a locally compact group, N a normal subgroup such that (G, N) has relative Property T. Let H be a closed, finite covolume subgroup of G whose projection in Q = G/N is dense. Then the projection H → Q is a Kazhdan homomorphism.
Kazhdan homomorphisms are useful to transfer various rigidity properties of Q back to H. For instance, Q has Property (τ ) if and only if H has Property (τ ), Q is compactly generated if and only if H is compactly generated, see [Cor06, Theorem 4 
The following lemma is immediate.
Lemma 2.10. The maps φ and φ ′ are injective 1-Lipschitz linear maps, with dense image. The mapping φ ′ is in addition a bijective isometry. The mapping φ is surjective (and then a linear isomorphism) if and only if the components of the partition have bounded size. If Z, Y are H-sets so that η is H-equivariant, then φ and φ ′ are H-equivariant.
The map φ seems worse than the map φ ′ from the point of view of Lemma 2.10; however when passing to an affine setting, only the map φ is workable with.
Define, for N ⊂ Z, ℓ 
Then N ′ is a union of fibers and is commensurate to N. This proves the first statement. The remainder (except equivariance) follows from the linear counterpart in Lemma 2.10, and the equivariance statement is immediate.
3. Q-points on some spaces associated to an H-set 3.1. Compatible and incompatible points. Throughout this section, we fix a homomorphism with dense image π : H → Q, where Q is a Hausdorff topological group.
We freely use the terminology pertaining to Q-points introduced in §2.2. We compute the Q-points successively in various spaces on which H acts isometrically.
Definition 3.1. Let X be an H-set. If F is a finite subset of X, we say that F is Q-compatible if there exists V ∈ V Q such that gF = F for all g ∈ V .
We define the Q-compatible part of X as the union X Q of Q-compatible finite subsets of X, and the Q-incompatible part of X as its complement
. We say that two elements in X Q are Q-equivalent if they belong to the same Q-compatible finite subsets and define the Q-reduction X [Q] as the quotient of X Q by this equivalence relation, and denote by P Q the corresponding partition of X Q .
Note that the Q-equivalence classes, or equivalently the fibers of the canonical projection X Q → X [Q] , are the minimal Q-compatible finite subsets of X.
Q-points in F (X)
. Let F (X) be the set of finite subsets of X, with the
; it is a a Boolean algebra for the usual operation. In particular, the H-action given by left multiplication on F (X) is by isometric group automorphisms. Denote by ρ the projection
, in other words, the set of Qpoints F (X) Q consists of the ρ −1 (F ) for F finite subset of X [Q] . In particular, ρ induces an isomorphism of Boolean algebras
Moreover, X Q is H-invariant, the H-action factors to a continuous action of Q action on X [Q] and the above isomorphism is Q-equivariant.
Proof. Having Remark 2.2 in mind, it is immediate that F (X) Q consists of the Q-compatible finite subsets of X as defined in Definition 3.1. Therefore the first statement immediately follows from the definitions. It is also straightforward that X Q is H-invariant, and the H-action factors to a continuous action of H on X
[Q] and the isomorphism ρ * is H-equivariant. Observe that in view of Remark 2.2, we have (
is endowed with the trivial distance (any two distinct elements are at distance 1). By Proposition 2.4, the action of H on X [Q] factors through a continuous action of Q. Finally, the identification is H-equivariant, hence Q-equivariant by density.
Remark 3.3. It follows from Proposition 3.2 that if X is H-transitive, then either X is Q-compatible and ρ is a projection X → X [Q] with fibers of constant finite cardinal, or X is Q-incompatible and X
[Q] = ∅.
Proposition 3.4. Then
moreover if x ∈ X Q there exists V 0 ∈ V Q such that for every V ∈ V Q contained in V 0 , the subset V x is equal to the the fiber ρ −1 ({ρ(x)}).
Proof. The inclusion ⊂ is trivial. Conversely, suppose that x is the right-hand set. Take V 0 such that V 0 x has minimal cardinality among those V x with V ∈ V Q . Then by minimality, for every V ∈ V Q and V ⊂ V 0 we have
since this also holds for g −1 , we deduce that
Q , also proving the additional statement.
3.3. Q-points in F M (X). Now let M be a subset of X, commensurated by the H-action and whose global stabilizer is open, and let F M (X) be the set of subsets of X commensurate to M, with the discrete distance
It can be viewed as an affine space over the field on 2 elements F 2 , whose linear part is F (X) and it will be sometimes convenient to write its addition △ with the sign +.
We still denote by ρ * the inverse image map of ρ, from the power set of X [Q] to that of X Q .
Lemma 3.5. If there is a H-invariant partition X = X 1 ⊔ X 2 , then, denoting
In particular, we have
Proof. The inclusion ⊃ is trivial, and conversely ⊂ follows by decomposing N as
and
is commensurated by the Q-action on X [Q] and has an open stabilizer, and the above bijection is Q-equivariant.
Proof. Let us first check the first statement. If
For the formula, by Lemma 3.5, we can suppose that X is either Q-incompatible or Q-compatible. The incompatible case is then immediate. Now assume that X is Q-compatible, so the statement to prove can be rewritten as
All these are affine subspaces with the same linear part by Proposition 3.2. So it is enough to show that they have a common point. Let us first check that every element in
Q is a union of fibers. Let N be an element therein and let P be a fiber. Then there exists V ∈ V Q such that gN = N and gP = P for all g ∈ V . Thus g(N ∩ P ) = N ∩ P , so N ∩ P is Q-compatible; since P is a fiber, it follows that N ∩ P is either empty or equal to P , proving that N is a union of fibers. It easily follows that any element of F M (X) Q belongs to the two other spaces.
Let us prove that ρ −1 (M [Q] ) M is finite. Note that this means that M ∩ X Q coincides, up to a finite set, with a union of fibers. Note that this property does not change if we replace M by a commensurate subset. Hence we deduce it since it is obviously satisfied by N for N ∈ F (M) Q . Finally, having in mind that X Q is H-invariant and the H-action factors to an action of H on X [Q] by Proposition 3.2, we obtain that M [Q] is commensurated by the H-action. By Proposition 3.2, the H-action on X
[Q] factors through a continuous action of Q. Since the action of Q on X [Q] is continuous and N [Q] is commensurate to M [Q] and has an open stabilizer in Q, we see that M [Q] has an open stabilizer in Q as well. It then follows, by density, that M [Q] is commensurated by Q as well.
3.4. Q-points in ℓ p (X). As previously, X is an H-set; we forget here M, but fix a real number p ∈ [1, ∞[ and describe Q-points in ℓ p (X).
Proposition 3.7. We have
(the latter isometric Q-equivariant isomorphism being described in §2.4). In particular ℓ p (X) Q = {0} if and only if X is Q-incompatible.
Proof. The right-hand isomorphism ≃ (which denotes an isometric linear isomorphism) follows from Lemma 2.10. To show the ⊃ inclusion, by density it is enough to show that for every y ∈ X [Q] , we have 1 ρ −1 ({y}) ∈ ℓ p (X) Q ; ; this is clear from Proposition 3.2. Conversely, suppose that f ∈ ℓ p (X) Q . We have to show that f is supported by X Q and that f is constant on fibers. Let us first check the latter assertion. Suppose that y, z are in the same fiber C of X Q → X [Q] . Let us verify that f (y) = f (z). Otherwise, assume f (y) = f (z) and set ε = |f (y) − f (z)|. By Proposition 3.4, since Q is a group unifilter, there exists V 0 ∈ V Q such that for every V ∈ V Q with V ⊂ V 0 we have V y = C. So for every V Q ∋ V ⊂ V 0 , there exists g ∈ V such that gy = z. So gf − f p ≥ |f (z) − f (y)| = ε and thus, since this holds for all V , we deduce f / ∈ ℓ p (X) Q . Let us finally check that f is supported by X Q . Indeed, suppose that x / ∈ X Q and assume by contradiction that
Suppose now these conditions hold. Then, defining M Q as in Proposition 3.6. Then we have the following equality of nonempty affine subspaces
Proof. Let us first prove the second statement, assuming F M (X) Q = ∅: the equality is clear and they are nonempty, for instance because the left-hand one
Then there exists V ∈ Q such that sup g∈V f − gf ≤ ε; in particular f − gf ∞ ≤ ε. Define N = {f ≥ α}. If x ∈ X and g ∈ V , then either f (x) > α + ε, so f (x) > α and both x and gx belong to N, or f (x) < α − ε and then similarly both x and gx belong to N. In particular, gN = N for all x ∈ V and hence N ∈ F (X)
Q .
Under the assumption that F M (X) Q = ∅, this reduces the study to the case where X is Q-compatible. Using the notation of §2.4, we have:
If moreover X is H-transitive, then the latter is Q-equivariantly isometric to ℓ
Proof. If N ∈ F M (X) Q , then both terms contain 1 N , and so both are affine subspaces. They have the same linear part ℓ p (X)
(X) by Proposition 3.7, so the equality follows. For the last statement, use the map φ of §2.4: the transitivity implies that the projection X → X
[Q] has fibers of constant cardinal, hence φ ′ is a homothety.
Applications of Q-points
4.1. Existence of Q-points.
Theorem 4.1. Let H be a group with a homomorphism with dense image into a topological group Q. Let X be an H-set and M a commensurated subset, and define the associated cardinal definite function
We have equivalences, for a given 1 ≤ p < ∞:
In spite of the short proof below, we should emphasize that the tricky implications, for which the work was done beforehand, are (1) p ⇒(2) and (3)⇒ (1) 2 .
Proof. Denote by (1) p the Property (1) for a given p. To prove the equivalences, we are going to prove
Since it takes integer values, the set Ω = {g : f (g) = 0} is open; it is clearly a subgroup.
(4)⇒(3) is trivial.
(3)⇒ (1) 2 Suppose that ℓ M is bounded on π −1 (V ). By Theorem 2.5 and using that a Hilbert space is a complete CAT(0) space, we deduce ℓ
Note that by specifying the equivalence (3)⇔(4) to Q = 1, we get the classical result of Brailovsky, Pasechnik and Praeger [BPP] :
Corollary 4.2. Let H be a group acting on a set X and M a commensurated subset. If sup g∈H #(M △ gM) < ∞, then there exists a subset N commensurate to M and H-invariant.
Theorem 4.3. Let π : H → Q be a homomorphism with dense image between locally compact groups. Suppose that π is a Kazhdan homomorphism ( §2.3). Then H has Property FW (resp. FW') if and only if Q has Property FW (resp. FW').
Proof. Clearly if H has Property FW or FW' then so does Q. Assume that Q has Property FW. Let X be a discrete continuous H-set and M a commensurated subset.
By Theorem 2.9, for every continuous affine isometric action of H on a Hilbert space V , we have V Q = ∅. We apply this to ℓ
is commensurated by the Q-action, has an open stabilizer in Q, and M ∩ X Q is transfixed.
If Q has Property FW, it follows that M [Q] is transfixed and its inverse image in M Q is commensurate to M ∩ X Q ; it follows that the latter is transfixed. So M is transfixed.
If Q has only Property FM' and X is assumed transitive, we obtain the same conclusion.
Proof of Theorem 1.6 for Property FW. Write S = S 1 ×S ′ where S 1 has Property T, so that the projection of Γ on S ′ has a dense image. By Theorem 2.8, the projection Γ → S ′ is a Kazhdan homomorphism. Since S ′ is virtually connected, it obviously has Property FW. Hence by Theorem 4.3, Γ has Property FW.
4.2. Application to Property FW and group extensions. If G is a locally compact group and H a subgroup, we say that (G, H) has relative Property FW if for every continuous action of G on a discrete set X commensurating a subset M, the subgroup H leaves invariant some subset commensurate to M. Recall that ℓ M is defined by ℓ M (g) = #(M △ gM).
Lemma 4.4. Let G be a topological group, and N 1 ⊂ N 2 closed normal subgroups. Suppose that (G/N 1 , N 2 /N 1 ) has relative Property FW. Suppose that X is a continuous discrete G-set and M a commensurated subset with open stabilizer. Suppose that ℓ M is bounded on N 1 . Then ℓ M is bounded.
Proof. By assumption, some subset N commensurate to M is N 1 -invariant. So
is commensurated by the G/N 1 -action and has open stabilizer. So it is commensurate to a N 2 /N 1 -invariant subset, by Property FW of (G/N 1 , N 2 /N 1 ). Pulling back to X and taking the union with K G/N 1 (see the notation in Proposition 3.6), we obtain a subset commensurate to M and N 2 -invariant.
Corollary 4.5. Suppose that G is a locally compact, compactly generated group. Suppose that N 1 ⊂ N 2 are closed normal subgroups of G, and that (G, N 1 ) and (G/N 2 , N 1 /N 2 ) have relative Property FW. Then (G, N 2 ) has relative Property FW.
Corollary 4.6. Properties FW is closed under taking group extensions.
This can also be proved (less directly) using the following characterization: a locally compact group has Property FW if and only if every continuous action on an oriented connected median graph has a fixed vertex.
Property FM
5.1. Eymard-amenability and property FM. Let G be a topological group and X a continuous discrete G-set, i.e. a discrete G-set for which point stabilizers are open in G. Recall that the G-set X is called Eymard-amenable if there is a G-invariant mean on X. Note that this trivially holds if there is a finite orbit in X.
Definition 5.1. We say that the topological group G has
• Property FM if every continuous Eymard-amenable discrete G-set has a finite orbit; • every continuous transitive Eymard-amenable discrete G-set is finite.
Note that FM trivially implies FM'. The converse is not true for countable discrete groups, see Corollary 6.10.
Question 5.2. Are Properties FM and FM' equivalent for finitely generated groups?
Property FM' is usually easier to check, but less convenient to deal with formally.
Lemma 5.3. Properties FM and FM' are closed under taking extensions of locally compact groups.
Proof. Let G be a locally compact group, N a closed subgroup and Q = G/N.
Suppose that N and Q have Property FM. Let X be a discrete continuous G-set with an invariant mean. By Property FM of N, this mean is supported by the union Y of finite N-orbits in X. Let Y ′ be the quotient of Y by the N-action. Then Y ′ is a discrete continuous Q-set with an invariant mean, so has a finite orbit. Its inverse image is thus a finite orbit in X. Now suppose that N and Q have Property FM'. Let X be a transitive discrete continuous G-set with an invariant mean. Let X ′ be the quotient of X by the N-action; it has a Q-invariant mean and therefore by Property FM' for Q, we deduce that X ′ is finite. So the N-orbits form a finite partition of X; hence each of the N-orbits has the same nonzero mean; by Property FM' for N, these orbits are finite and hence X is finite.
The following proposition was obtained, with a similar proof, in [GM, Lemma 2.14] for countable discrete groups. The latter was itself was inspired by Kazhdan's proof that countable discrete groups with Property T are finitely generated.
Proposition 5.4. Let G be a locally compact group with Property FM. Then it is finitely generated over any open subgroup. In particular, if G is locally compact then it is compactly generated.
Proof. Let H be an open subgroup and let (G i ) be the family of open subgroups finitely generated over H (i.e., generated by the union of H and a finite subset). Then I is a net (for the inclusion of the G i ). The disjoint union of the discrete G-sets G/G i is Eymard-amenable: indeed, if x i is the base-point in G/G i and if m is a mean obtained as a limit point of the Dirac measures at x i (thus m is actually an ultrafilter, i.e. takes values in {0, 1}), then m is G-invariant.
Remark 5.5. If G is an uncountable discrete group, then it does not have Property FM by Proposition 5.4. On the other hand, many such groups, including permutation groups of infinite sets, are strongly bounded in the sense that every isometric action on any metric space has bounded orbits [Ber] ; this implies Property FW for such groups.
Recall that a locally compact group G has Kazhdan's Property T if every unitary representation with almost invariant vectors has nonzero invariant vectors; where a unitary representation of G has almost invariant vectors if for every compact subset K ⊂ G and every ε > 0 there exists a vector ξ with ξ = 1 and sup s∈K gξ − ξ ≤ ε.
Proposition 5.6. Let G be a locally compact group with Property T. Then it has Property FM.
Lemma 5.7 (Eymard). Let G be a locally compact group and X a continuous discrete G-set. Then ℓ 2 (X) has nonzero invariant vectors if and only X has a finite G-orbits, and has almost invariant vectors if and only if the G-set X is Eymard-amenable.
On the proof. The first statement is trivial. For the easy ⇒ implication, assume that ℓ 2 (X) has almost invariant vectors. This means that there exists a net (f i ) in ℓ 2 (X) such that f i 2 = 1 and gf i − f i 2 tends to 0 uniformly on compact subsets. Define h i = |f i | 2 . Then by the Cauchy-Schwarz inequality, h i − gh i 1 ≤ f i + gf i 2 f i − gf i 2 ≤ 2 f i − gf i 2 , so h i − gh i 1 tends to zero for every g. Let m be a limit point of (h i ) in ℓ ∞ (X) * with the weak-* topology. Then m is a G-invariant mean on X.
Let us provide a proof of the ⇐ implication when G is discrete, which is enough for Proposition 5.6 when G is discrete. Let m be a G-invariant mean on X; it can be viewed as a positive normalized linear form on ℓ ∞ (X) = ℓ 1 (X) * . Then there exists a net of nonnegative functions f i ∈ ℓ 1 (X) such that f i (1) = 1 and f i converges to m in the weak-* topology of ℓ ∞ (X) * . Therefore for every g ∈ G, f i − gf i converges to 0 in the weak topology of ℓ 1 (X). A classical argument, which uses that closed weak convex sets are closed, allows to replace f i by a convex combination f ′ i of the f j for j ≥ i, so that f ′ i − gf ′ i converges to 0 in the norm topology for all g. Then using the inequality (x − y) 2 ≤ |x 2 − y 2 | for all nonnegative real numbers, and defining h i = f ′ i , we have h i 2 = 1 and gh i − h i 2 → 0 for all g, so that ℓ 2 (X) almost has G-invariant vectors. In the locally compact case, the above argument only shows that ℓ 2 (X) almost has invariant vectors as representation of the underlying discrete group and a significant amount of additional work (essentially following an argument of Reiter) is needed. We refer to Eymard [Eym, no. 3] .
Proof of Proposition 5.6. Let G have Property T. Let X be a continuous discrete G-set with an invariant mean. Then ℓ 2 (X) almost has invariant vectors, by Lemma 5.7. By Property T, ℓ 2 (X) has nonzero invariant vectors, so X has a finite G-orbit.
Let us also mention the well-known
Lemma 5.8. Let G be a locally compact group and a family (H i ) of amenable open subgroup. If the G-set X = G/H i is Eymard-amenable, then G is amenable.
Proof. Let G act on a convex compact subset K of a locally convex set, by affine transformations. Then for each i, there exists a point x i ∈ K fixed by H i . So there is a G-equivariant function X → K, mapping the base-point of G/H i to x i . The push-forward of an invariant mean on ℓ ∞ (X) and thus restricts to a probability, given by a linear form on C(X). The barycenter of this probability measure (see [Luk, Theorem 2.29] ) is a fixed point by G.
Proposition 5.9. Let G be a topological group and H an open subgroup of finite index. Then G has Property FM (resp. FM') if and only if H has Property FM (resp. FM').
Proof. Suppose that H has Property FM. Let G act on X preserving a mean. Then H has a finite orbits, so G as well.
For the same implication with Property FM', it is convenient to first observe that a topological group has Property FM' is for every continuous actions on discrete sets with finitely many orbits with an invariant mean, there is a finite orbit. Since, for a G-action, having finitely many orbits is preserved by restricting to H, the same argument as for FM carries over. Now assume that G has Property FM'. Let H act transitively, say on H/L with L open with an invariant mean. Then given the action of G on G/L, the same mean is preserved by H, so by averaging, we obtain a G-invariant mean on G/L. By Property FM', it follows that G/L is finite and hence H/L is finite, so H has Property FM'.
Finally assume that G has Property FM. Any H-action can be described as the action on the disjoint union H/L i for a suitable family of open subgroups L i ; we assume it has an invariant mean. The latter set sits inside the disjoint union G/L i , with the same mean preserved by H, so by averaging we obtain a G-invariant mean, and by Property FM there is a finite orbit G/L i , so H/L i is finite as well.
Let us say that a topological group is aperiodic if it has no proper open subgroup of finite index, and is virtually aperiodic if it has a finite index open aperiodic subgroups, or equivalently if it has finitely many finite index open subgroups.
Let us also mention the following result extracted from [GM] about free products. On the proof. The statement as given in [GM] is formulated with a certain property F which means "virtually (aperiodic FM)"; in view of Proposition 5.9 it also means "(virtually aperiodic) and FM"; in the second case the free product is infinite and they additionally produce a faithful action, forcing the set to be infinite.
We easily see (1): if both H 1 and H 2 have a nontrivial finite quotient, then H 1 * H 2 has a free product of two nontrivial finite groups as a quotient and hence has a infinite virtually abelian quotient, discarding Property FM.
Let us now justify (2). Up to exchange H 1 and H 2 , we can assume that H 1 is aperiodic and H 2 is not virtually aperiodic. Then (following [GM] , without bothering with faithfulness), we let (X n ) be a sequence of finite H 2 -sets of increasing cardinal; consider the infinite set X = X n with the natural action of H 2 ; consider a subset Y ⊂ X intersecting X n in a singleton for each n, fix a transitive action of H 1 on Y and extend it to an action of H 1 on X by acting trivially elsewhere. This defines a transitive action of H 1 * H 2 on X for which the normalized constant function f n on X n is a sequence of almost invariant vectors, so that X is Eymard-amenable.
Finally let us mention a proof of (3). First assume that H 1 and H 2 are both aperiodic with Property FM. Then if G acts on a set with an invariant mean, it follows that the mean is both supported by H 1 -fixed points and by H 2 -fixed points, hence by G-fixed points; thus there is an orbit reduced to a singleton. In general, we can suppose H 1 aperiodic and H 2 has a minimal finite index subgroup M, which has Property FM by Proposition 5.9. Then the kernel of
, which is a free product of [G : M] + 1 aperiodic groups with Property FM and thus has Property FM by the previous case. So by the reverse direction of Proposition 5.9, G has Property FM as well.
Let us also mention a variant of [GM, Lemma 4 .5].
Proposition 5.11. Let G be a non-amenable locally compact group in which every open subgroup of infinite index is amenable. Then G has Property FM.
Proof. Let X be a continuous discrete amenable G-set. If there is no finite orbit, then we can apply Lemma 5.8 to deduce that G is amenable, a contradiction. So there is a finite orbit, proving that G has Property FM.
Remark 5.12. There are no known examples of finitely generated groups satisfying the hypotheses of Proposition 5.11 and known not to have Kazhdan's Property T. On the other hand, there are many natural instances in the locally compact setting, such as SL 2 (Q p ) or the automorphism group of a regular tree of finite valency ≥ 3.
Remark 5.13. Say that an orthogonal representation of a locally compact group G has a spectral gap if the orthogonal of the subspace of invariant vectors does not almost have invariant vectors. Property FM can be stated as: the representations ℓ 2 (X) for X discrete continuous G-set without finite orbits have a spectral gap. Bekka and Olivier [BO] consider the following stronger property (*): the representation ℓ 2 (X) for X, discrete continuous G-set have a spectral gap. Thus, as observed in [BO, Remark 16] , Property (*) is equivalent to the conjunction of Property (FM) and the well-known Property (τ ), which is defined as: the representations ℓ 2 (X) for X discrete continuous G-set with only finite orbits have a spectral gap. Bekka and Olivier characterize Property (*) as an ℓ p -analogue of Property T, where p is an arbitrary number in ]1, ∞[ {2}.
6. Hilbertian methods for Property FM 6.1. Reduced 1-cohomology. Let G be a locally compact group, π an orthogonal representation in a Hilbert space H π . Recall that a 1-cocycle is a continuous function b :
coboundary is a function of the form g → ξ−π(g)ξ; this is always a 1-cocycle. The space of Z 1 (G, π) of 1-cocycles is a Frechet space under the topology of uniform convergence on compact subsets. The subspace of 1-coboundaries is denoted by B 1 (G, π), and its closure B 1 (G, π) consists by definition of almost 1-coboundaries. We also say that 1-cocycles b, b ′ are cohomologous (resp. almost cohomologous) if (G, π) ). Recall also that π almost has invariant vectors if for every compact subset K of G and ε > 0 there exists ξ ∈ H π of norm 1 such that ξ − π(g)ξ ≤ ε. An important observation of Guichardet [BHV, Proposition 2.12 .2] is that B 1 (G, π) is closed if and only if the orthogonal of the invariant vectors in π does not have almost invariant vectors.
Consider a locally compact group G with a topological direct product decomposition G = G 1 × · · · × G n . Recall that a lattice in G is irreducible (with respect to this decomposition) if its projection on G/G i is dense for all i.
We say that G is semisimple of algebraic type (with respect to this decomposition) if each G i is the group of K i -points of an almost K i -simple, semisimple K i -isotropic linear algebraic group and K i is a local field (non-discrete locally compact field).
The following is a restatement of Shalom's superrigidity of reduced 1-cohomology theorem [Sha, Theorem 4 .1] using the convenient notion of Q-points from §2.2 (here Q = G i and they will be called G i -vectors since the action is linear).
Theorem 6.1 (Shalom) . Let G be a compactly generated locally compact group given as a product G = G 1 × · · · × G n (where n ≥ 2) and let Γ be an irreducible lattice. Assume that Γ is cocompact, or that G is of algebraic type (with respect to this decomposition).
Let π be an orthogonal Hilbertian representation of Γ and b ∈ Z 1 (Γ, π) a cocycle. Let π i be the subrepresentation of Proof. Let b(g) = 1 M − 1 gM be the corresponding 1-cocycle. The hypothesis implies that b is, uniformly on compact subsets, a limit of coboundaries, say b = lim B(f i ), where B(f i )(g) = gf i − f i and f i ∈ ℓ p (X). We claim that ℓ p (X) almost has invariant vectors. Otherwise, there exists a compact subset Q of G and ε > 0 such that sup g∈Q gf − f ≥ ε f for all f ∈ ℓ p (X). Since the convergence of B(f i ) to b(g) is uniform on Q, it follows that (f i ) is Cauchy, so converges to some f ∈ ℓ p (X), and thus B(f ) = b, a contradiction.
So ℓ p (X) almost has invariant vectors as representation of G. By Eymard [Eym, Chap. 2, §4] , this means that the G-set X is Eymard-amenable. Proposition 6.3. Let G be of algebraic type and Γ an irreducible lattice. Assume that G has no non-Archimedean rank one factor. Then if X is a transitive Γ-set with a commensurated subset M, either M is commensurate to a Γ-invariant subset, or the Γ-set X is Eymard-amenable.
Proof. Consider the representation of Γ on ℓ 2 (X) and b the cocycle b(g) = 1 M − 1 gM , which is by assumption unbounded (in view of Corollary 4.2). Assuming that X is not Eymard-amenable, the representation does not almost have invariant vectors. So, by Theorem 6.1, b is cohomologous to a cocycle of the form b
So G i does not have Property T, and hence has rank 1 [BHV, Theorem 1.6.1]. So by the assumptions of the proposition, G i is Archimedean and in particular has finitely many connected components. The action of
, and this is a contradiction since the latter does not vanish.
It is natural to expect that, under the assumptions of Proposition 6.3, the group Γ has Property FW. Thus we ask the question Question 6.4. Assume that each G i is simple over a local field (see the precise hypotheses in the statement of Theorem 6.1) and let Γ be an irreducible lattice in G i . Can Γ admit a transitive Eymard-amenable action on an infinite set? We do not know the answer, even in SL 2 (R) 2 .
Note that the answer can be obtained when at least one G i has Property T.
Proposition 6.5. Let G be a locally compact group, N a normal subgroup such that (G, N) has relative Property T. Let H be a closed, finite covolume subgroup of G whose projection in Q = G/N is dense. Then H has Property FM (resp. FM') if and only if Q has Property FM (resp. FM').
Proof. One direction is trivial, because for every homomorphism with dense image with topological groups, if the left-hand group has Property FM or FM' then so does the target group. Let us first check the following claim: if X be a continuous discrete H-set, then Z = X Q is not Eymard-amenable. Indeed, otherwise ℓ 2 (Z) almost has Hinvariant vectors, so [Cor06, Theorem 4.3 .1] implies that ℓ 2 (Z) Q = 0, but actually ℓ 2 (Z) Q = 0 by Proposition 3.7, a contradiction. Now assume that Q has Property FM. Let X be a Eymard-amenable H-set. It follows from the above claim that X Q is Eymard-amenable. It follows that
) almost has invariant vectors as Hrepresentation. Noting that this orthogonal H-representation factors through Q and using relative Property T, by [Cor06, Theorem 4.3.1] , it almost has invariant vectors as Q-representation. So X [Q] is an Eymard-amenable Q-set. By Property FM for Q, it follows that X
[Q] has a finite orbit. Since the fibers of X Q → X [Q] are finite, it follows that X Q has a finite orbit. So H has Property FM. If Q has Property FM' and X is in addition H-transitive, the same argument shows that X Q = and X [Q] is finite, thus X is finite and H has Property FM'. The answer to Question 6.4 is no whenever at least one of the G i has Property T, by the following result.
Proposition 6.7. If G = n i=1 G i is of algebraic type, Γ is an irreducible lattice, and some G i has Property T, then Γ has Property FM.
Proof. Let N be the product of all G i with Property T and Q the product of the other components; by Lemma 6.6, Q has Property FM. The pair (G, N) has relative Property T; since N contains at least one factor, the projection of Γ in Q is dense, so Proposition 6.5 applies.
6.2. An infinitely generated countable group with Property FM' and FW'. Let I be a set of primes. Define A I as the subring of the product p∈I Q p consisting of those (x p ) p∈I such that x p ∈ Z p for all but finitely many p. This is a topological ring, when its subring i∈I Z p is prescribed to be endowed with the product topology and to be open in A I . If p ∈ I, it is convenient to see the factor Q p as a (non-unital) subring of A I . If I is the set of all primes, we just set A I = A; this is the ring of adeles.
The diagonal ring homomorphism
] as a discrete cocompact subring, whose projection on A I has a dense image.
Proof. First assume that J = ∅; hence we have to prove that H is compact. Since H is open, there exists a finite subset F of I such that for all p / ∈ F we have SL n (Z p ) ⊂ H.
• For p / ∈ F , since SL n (Z p ) is maximal in SL n (Q p ), the projection of H on SL n (Q p ) is either SL n (Z p ) or SL n (Q p ); in the second case, since the intersection is normal in the projection and since SL n (Z p ) is not normal in SL n (Q p ), we deduce that the intersection of H with SL n (Q p ) is all of SL n (Q p ), contradicting that J = ∅.
• For p ∈ F , the intersection H ∩ SL n (Q p ) has finite index in SL n (Z p ) and hence has finite index in its normalizer K p (because any open subgroup of SL n (Q p ) distinct from the whole group is compact), which is thus compact. So by the same argument using that the intersection is normal in the projection, we obtain that the projection is contained in K p .
Proposition 6.9. For every n ≥ 2 and set of primes I, the locally compact group SL n (A I ) has Property FM'.
Proof. Let H be an open subgroup so that the quotient set X is Eymard-amenable.
The group H can be described by Lemma 6.8; let J be given by this lemma. Then modding out by the kernel of the action describes X as the quotient of SL n (A I J ) by a compact open subgroup; since it has an invariant mean, it follows that SL n (A I J ) is amenable as a topological group, which can occur only if I = J, in which case X is reduced to a singleton. This proves Property FM'.
Corollary 6.10. For every n ≥ 3 and set of primes I, the group SL n (Z[I −1 ]) has Property FM'. In particular SL n (Q) or more generally SL n (Z[I −1 ]) if I is infinite is a countable group with Property FM' but not FM.
Proof. The group SL n (Z[I −1 ]) is a lattice in SL n (R) × SL n (A I ), whose projection in the second factor is dense. Moreover, since n ≥ 3, the group SL n (R) has Property T. Thus by Proposition 6.5, since SL n (A I ) has Property FM' by Proposition 6.9, it follows that SL n (Z[I Let us now turn to Property FW'. Proposition 6.12. For every I and n ≥ 3, the locally compact group SL n (A I ) has Property FW'.
Proof. Using the description of open subgroups in Lemma 6.8, we are reduced to proving that for every I, n ≥ 3, and compact open subgroup K in G = SL n (A I ), every commensurated subset in G/K is transfixed. In other words, we have to show that G/K has at most one end, which amounts to showing that G is 1-ended (as a locally compact group, possibly not compactly generated). If I = ∅, then G is the trivial group and this is clear. If I is finite, then G has Property T and this follows. If I has at least two elements, then picking p ∈ I, the subgroup SL n (Q p ) is a closed compactly generated, not compact and not cocompact subgroup of G, and it follows from a theorem of Abels and Houghton [Ab74, Satz 7.3] ; [Ho74, Theorem 4.3] that G is 1-ended.
Corollary 6.13. For every I and n ≥ 3, the countable discrete group SL n (Z[I −1 ]) has Property FW' (but not Property FW if I is infinite).
Proof. Repeat the argument of Corollary 6.10, replacing the reference to Proposition 6.5 by Theorem 4.3.
If I is infinite then the group is countable and infinitely generated, hence does not have Property FA and hence does not have Property FW.
Remark 6.14. Unlike the analogue for FM', the condition n ≥ 3 is here necessary: for every I, SL 2 (Z[I −1 ]) does not have Property FW': if p ∈ I just use its dense embedding into SL 2 (Q p ); if I = ∅ this is clear as well.
The following proposition allows to obtain more examples of groups with Property FM'.
Proposition 6.15. Let (S i ) i∈I be a family of infinite simple discrete groups with Property FM'. Then the direct sum S = S i has Property FM'.
Proof. Let H ⊂ S be a subgroup such that S/H is Eymard-amenable and let us show that H = S.
If by contradiction the projection p i (H) of H on some S i is not surjective, then S/H has an equivariant surjection onto the infinite S i -set S i /p i (H), which has no invariant mean by the Property FM' for S i , and hence S/H is not Eymardamenable. So each projection is surjective, i.e. p i (H) = S i for all i.
For i = j, the projection on S i × S j has a surjective projection P on both S i and S j , so is either the graph of an isomorphism S i → S j or is all of S i ×S j . In the first case, since S i is not amenable, there is no S i -invariant mean on (S i × S j )/P , and hence S/H is not Eymard-amenable, a contradiction. Thus, for all i = j the projection on S i × S j is surjective.
Let J ⊂ I be maximal such that j∈J S j is contained in H. Let us show that I = J, i.e. H = S. Otherwise, since all projections are surjective, there exists f ∈ H with support not contained in J; we choose f of support of minimal cardinality. The minimality implies that f has support in I J, since otherwise we can modify f on J to reduce its support. Besides, by the definition of J, it follows that the support of f has at least two distinct elements i, j ∈ I J. Since the projection of H on S i × S j is surjective, we can find g ∈ H such that g j = 1 and g i does not commute with f i . Hence [g, h] ∈ H and has strictly smaller support, not contained in J. This contradicts the definition of f .
Application of Properties FM and FW to groups of bounded displacement permutations
Recent attention has been paid to the group Wob(Z) of bounded displacement permutations of Z and some more general spaces. A general question, addressed by Juschenko and la Salle [JlS] , is to find general properties of finitely generated subgroups of Wob(Z), or equivalently to find constraints on homomorphisms from finitely generated groups to Wob(Z). If more generally X is a discrete metric space with uniformly subexponential growth, in the sense that lim n→∞ sup x∈X #B X (x, n) 1/n = 1 where B X (x, n) is the n-ball around x ∈ X, Juschenko and la Salle prove that every homomorphism from a discrete Kazhdan group into Wob(X) has a finite image. Let us provide the following two extensions of this result.
Theorem 7.1. Let Γ be a finitely generated group.
(1) if Γ has Property FW then every homomorphism Γ → Wob(Z) has a finite image; (2) if Γ has Property FM and X is a discrete metric space of uniformly subexponential growth, then every homomorphism Γ → Wob(X) has a finite image.
Proof. Let u(n) be the least upper bound on the size of all closed n-balls in X. Note that in both cases, we only have to prove that Γ has orbits of bounded cardinality, since it then embeds into an infinite power of some given finite symmetric group, which is locally finite.
Let us first prove (2). Let us first check that Γ has finite orbits: indeed, the subexponential condition implies that Γ preserves a mean on each of its orbits, and Property FM gives the conclusion. Now let us prove that the orbits has bounded cardinality; otherwise, let z n ∈ X belong to an orbit of cardinal k n with k n → ∞. Define the radius of x ∈ Γz n as the distance d(x, z n ). Let r n be the largest radius of an element in Γz n . The uniform discreteness implies that r n tends to infinity, and since generators of Γ have bounded displacement, the set of radii of elements of Γz n is cobounded in [0, r n ], uniformly in n. We actually need a more precise statement, namely:
Claim. There exists m and an sequence of finite subsets (B k ) of Γ, such that for every k there exists n 0 (k) such that for every n ≥ n 0 (k) there is γ ∈ B k with d(z n , γz n ) ∈ [k, k + m].
Proof of the claim. Let S be a finite symmetric generating subset with identity. Let m ≥ 1 be an upper bound on the displacement of elements of S. So jm is a bound on the displacement of elements of S j . If S j z n = S j+1 z n , then S j z n = Γz n , and therefore r n ≤ jm. Thus if j < r n /m then S j+1 z n strictly contains S j z n . Thus, defining s n = ⌊r n /m⌋, the cardinal of S j z n is ≥ j for all j ≤ s n . Given k, if n is large enough, say n ≥ n 0 (k), then s n ≥ u(k) + 1. So S u(k)+1 z n has cardinal ≥ u(k)+1. Thus for n ≥ n 0 (k), S u(k)+1 z n contains an element outside the closed k-ball around z n . Pick γ ∈ S ℓ with ℓ minimal and d(γz n , z n ) > k; hence ℓ ≤ u(k) + 1. It follows from minimality that d(γz n , z n ) ≤ k + m. Thus the claim is proved, with B k = S u(k)+1 .
Fix a nonprincipal ultrafilter on the positive integers, and let Y be the ultralimit of the sequence of pointed metric spaces (X, z n ). This is the set of Remark 7.2. The argument of the proof of Theorem 7.1(1) also shows the following
(1) If a finitely generated group G has a homomorphism into Wob(Z) with an infinite image, then it also has a homomorphism into Wob(Z) defining a transitive action on Z. (2) If G is a finitely generated group with Property FW and X is a Schreier graph of G, then for every sequence (x n ) in X, any Gromov-Hausdorff limit of the set of pointed graphs (X, x n ) has at most one end; if X is infinite we can thus say that X is "stably one-ended". An example of a one-ended graph which is not stably one-ended is given by a combinatorial half-line. (3) Let G be a finitely generated group and H a finitely generated subgroup.
If X is a connected graph of bounded valency, such that G admits a homomorphism into Wob(X) such that H has an infinite image, then there exists an ultralimit X ′ of X and a homomorphism of G into Wob(X ′ ) such that H has an infinite orbit in X ′ (pick any sequence (x n ) in X such that #(Hx n ) → ∞ and pick any ultralimit of the family of based graphs (X, x n )). We deduce, for instance, that cyclic subgroups of finitely generated subgroups of Wob(Z) are undistorted.
It would be interesting to have results for locally compact groups as well. But there is a continuity issue when considering the ultralimit. To deal with this continuity issue, it is enough to deal with profinite groups. A simple Baire argument shows that if a compact group acts continuously on a metric space with bounded displacement self-homeomorphisms, then there is an upper bound for the displacement of elements in the whole group.
On the other hand, there exist continuous actions with bounded displacement of topologically finitely generated profinite groups on Z, with orbits of unbounded cardinal. For instance the group Z p admits such an action: indeed we can let the generator act using cycles of displacement 2 and length p n (of the form (0, 2, . . . , 2k − 2, 2k, 2k − 1, 2k − 3, . . . , 3, 1) or (0, 2, . . . , 2k, 2k + 1, 2k − 1, . . . , 3, 1) according to whether p is even or odd).
The ultralimit construction in the proof of Theorem 7.1 thus provides an action with an infinite orbit, which is necessarily non-continuous.
